A rotating thin-walled beam with piezoelectric element is analysed. The beam is considered to vibrate in space, hence the longitudinal, transverse and torsional deformations are taken into account. The bending deformations of the beam are modelled by assuming Timoshenko's theory. Torsion is included by considering that the cross section rotates as a rigid body but can deform in longitudinal direction due to warping. The warping function is computed preliminary by the finite element method. The equation of motion is derived by the principle of virtual work and discretized in space by the Ritz method. Electro-mechanical coupling is included in the model by considering the internal electrical energy and the electric charge output. The piezo-electric constitutive relations are used in reduced form. The beam is assumed to rotate about a fixed axis with constant speed. The equation of motion is derived in rotating coordinate system, but the influence of the rotation of the coordinate system is taken into account through the inertia forces. Results in time domain are presented for different speeds of rotation and frequencies of vibration. The influence of the speed of rotation and of the frequency of vibration on the electrical output is presented and analysed.
Introduction
In the last decades, the need of independent energy sources for small devices has increased significantly. Small devices, such as sensors, have application in health monitoring and control of structures. The most popular devices that convert kinetic energy into electrical energy are the devices composed of piezoelectric elements [1] .
In the current work, a rotating thin-walled beam with piezoelectric element is analysed. Three-dimensional displacement field is considered, i.e. the beam can vibrate in both transverse directions and it can perform longitudinal and torsional deformations. The beam equation of motion is derived by Timoshenko's beam assumption and it is considered that under torsion the cross section rotates as a rigid body but it can deform in longitudinal direction due to warping. The proposed model is suitable for beams with arbitrary open and closed thin-walled cross sections as well for solid cross sections. Clamped-free boundary conditions are assumed and rotation of the beam about fixed axis with constant speed is included in the model. The piezoelectric element is considered to be close to the clamped end. Geometrical nonlinearity is considered and electro-mechanical coupling is introduced into the model through the piezoelectric constitutive equations, used in reduced form.
The equation of motion is derived by the principle of virtual work and results in time domain are presented.
Comparison between linear and nonlinear models is shown and the importance of the geometrical nonlinear terms on the displacements and on the electrical potential difference is outlined. The responses of the beam due to harmonic force and different speeds of rotation are compared.
Mathematical model
A thin-walled beam with piezoelectric element on the upper surface is considered (Fig. 1) . The piezoelectric element does not cover the whole length of the beam. The displacements in longitudinal and transverse directions are expressed by the displacements and rotations on the reference line: Analytical solution for the warping function does not exist for complex cross sections, thus it is computed numerically. The equation of equilibrium for the warping function is derived from the equilibrium equations of elasticity, where the stresses due to torsion are computed from the displacement field: and are the components of the normal vector to the boundary. The normal vector points in the outer direction for the outer boundaries and it is considered to point in the lower numbered material for the boundaries between different layers. ̃6 6 −1 = 55 −1 = 0 for the outer boundaries. Equation (2) is solved by the finite element method [2] .
Geometrical nonlinearity is considered in the model. Hence the strains are expressed as:
The piezo-electric constitutive equations are used in their reduced form [1] :
where , and are bending and shear stresses, is the Young's modulus of the material, is the shear modulus, 3 represents electric displacement component, ̅ 31 is an effective piezo-electric stress constant, ̅ 33 is permittivity component and The rotation of the beam is taken into account by considering two coordinate systems: one fixed, denoted by 0 , and another one rotating about the fixed coordinate system denoted by 1 . The displacement fields (1) are written in the rotating coordinate system 1 , it is considered that it rotates with constant speed ϑ̇ (rad/s). The rotation of the beam is introduced into the equation of motion through the inertia forces. For that purpose, the absolute acceleration of an arbitrary point P(x,y,z) from the beam is expressed with respect to the fixed coordinate system 0 [3] :
where P S 0 is the absolute acceleration of point P, i.e. the acceleration of point P with respect to 0 , P S 1 is the relative acceleration of point P, i.e. the acceleration of point P with respect to 1 , P S 1 is the relative velocity of point P, is the angular velocity vector of the rotating coordinate system, and is the position vector of point P with respect to the origin of 1 . In eq. (4) 2 10 × P S 1 represents the acceleration of Coriolis.
The equation of motion is derived by the principle of virtual work:
where is the virtual work of internal forces, is the virtual work of inertia forces, is the virtual work of external forces, is the virtual work of internal electrical energy and is the non-conservative virtual work due to electric charge output.
The displacement components are expressed by shape functions and generalized coordinates. The shape functions used in [2] are used also here. They have to satisfy the essential boundary conditions. Applying the principle of virtual work, the following system of ordinary differential equations is obtained:
where is the mass matrix, is the stiffness matrix of constant terms, ( ) is the stiffness matrix that depends on the vector of generalized coordinates .
( ) results from the geometrical nonlinearity of the model and introduces quadratic and cubic terms at the equation of motion, is vector of constant terms which
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represents the vector of generalised external forces, represents the electric charge output on the electrodes and is the corresponding capacitance.
(ϑ̇) is matrix that depends on the speed of rotation, it results from the acceleration of Coriolis and (ϑ̇) and (ϑ̇) are matrix and vector that also arise from the rotation of the beam and depend on the speed of rotation. Stiffness proportional damping is introduced in the model. The equation of motion (6) is solved in time domain by the Newmark's method.
Numerical results

Validation
The derived equation of motion is validated by comparing the linear natural frequencies with results from the three-dimensional equation of elasticity applied to the same structure. The software Elmer [4] is used for that purpose and space discretization is achieved by quadratic tetrahedrons. The beam is considered to be composed of brass and the piezoelectric element is considered to be PZT-5A [1] . The material properties are given in Table 1 . In the comparison of the natural frequencies, only the elastic properties of the piezoelectric element are taken into account. Clamped-free boundary conditions are considered. The first six natural frequencies are presented in Table 2 . The results confirm that very good approximation is obtained by the proposed beam model. 
Influence of nonlinear terms
A comparison of the response of the beam between the linear and the geometrically nonlinear models is presented in this sub-section. A transverse force in z direction is applied on the free end of the beam and the rotation is not considered. The transverse displacement 0 is shown in Fig. 2 and the electric potential difference, which results from the deformation of the beam due to the external force, is presented in Fig. 3 . The excitation frequency is chosen to be one third from the fundamental frequency. The difference between the linear and nonlinear models is obvious not only on the displacements, but also on the electrical potential difference, which confirms that geometrical nonlinear terms are essential for accurate results. 
Influence of speed of rotation
The influence of the speed of rotation on the displacements and on the electrical potential difference is analysed in this sub-section. It is known that the speed of rotation makes the beam stiffer, due to the centrifugal forces, and the natural frequencies become higher. The first four natural frequencies for different speeds of rotation are presented in Table 3 . In order to excite both transverse displacements and the torsion and to have vibration in the three-dimensional space, harmonic forces are applied on the free end of the beam in directions of both transverse axes. An excitation frequency equal to the second natural frequency of the beam, when it does not rotate, is considered. This frequency is related with the first mode of vibration in xy plane, while the fundamental frequency is related with first mode in xz plane. The excitation frequency becomes fundamental frequency of the beam when the beam rotates with speed of 146 rad/s. The results demonstrate that the speed of rotation influences significantly on the electrical potential difference and depending on the speed of rotation, different amounts of energy are generated. For the cases of non-rotating beam and beam rotating with speeds of 50 rad/s and 146 rad/s the excitation frequency of the external force is between first two natural frequencies. Because of the nonlinear terms and the interaction between first two modes the response of the beam becomes complex. Consequently the electrical potential difference is also complex. For the case of beam rotating with speed of 250 rad/s, the excitation frequency is smaller than the fundamental one, and the response of the beam is similar to harmonic with small amplitude. Thus, the resulting potential difference is also similar to harmonic and the amplitude is smaller than in the previous cases.
Conclusion
The equation of motion of rotating beam with piezoelectric element is derived considering geometrical type of nonlinearity and introducing electro-mechanical coupling. The importance of the nonlinear terms on the response of the beam is presented. The influence of the speed of rotation on the electric potential difference is outlined and it is shown that the speed of rotation can change significantly the response of the beam and the resulting electrical output.
